We compute semiclassically the two-point correlator of the marginal vertex operators describing the rigid circular spinning string state with one large spin and one windining number in AdS 5 and three large spins and three winding numbers in S 5 . The marginality condition and the conformal invariant expression for the two-point correlator obtained by using an appropriate vertex operator are shown to be associated with the diagonal and off-diagonal Virasoro constraints respectively. We evaluate semiclassically the three-point correlator of two heavy circular string vertex operators and one zero-momentum dilaton vertex operator and discuss its relation with the derivative of the dimension of the heavy circular string state with respect to the string tension.
Introduction
From the AdS/CFT correspondence [1] the correlation functions in the N = 4 super YangMills theory (SYM) can be calculated both at weak and at strong coupling. Using the relation between the generating functionals for the correlation functions and the AdS string partition functions, the three-point correlation functions of protected operators have been derived at strong coupling in the supergravity approximation [2, 3] .
The AdS/CFT correspondence suggests that each on-shell string state or marginal string vertex operator in AdS 5 × S 5 string theory should be associated with a local gauge-invariant operator in the N = 4 SYM theory with definite conformal dimension [4] . There has been a prescription for computing a two-point correlation function of vertex operators that describe the string states with large spins and are dual to the non-protected states with large quantum numbers [5] . The stationary point solution obtained by inserting appropriate vertex operators for the two-point function should coincide with the classical string solution carrying the same charges. The semiclassical computation of the two-point function by demanding the 2d conformal invariance should lead to the same relation between energy and spins as constructed for the corresponding classical string solution by requiring the Virasoro constraints.
For the case that the associated string is the folded string with large AdS 5 spin [6] this connection has been demonstrated in the flat space limit [5] , in the global coordinates [7] where the dependence of vertex operators on the AdS 5 boundary points is ignored, and in the Poincare coordinates [8] where the locations of vertex operators in the four-dimensional boundary space are specified and the two-point function shows the scaling behavior of the strong-coupling limit of the two-point function of single trace minimal twist operators in gauge theory. In ref. [7] the two-point function associated with the string solution with large two equal spins J 1 = J 2 and two equal winding numbers m 1 = m 2 in S 5 has been discussed where the vertex operator includes an additional factor expressed in terms of the T-dual variables.
There have been various semiclassical studies about the calculations of correlators involving Wilson loops [9, 10, 11, 12, 13] .
Using appropriate wave functions the two-point correlation function has been computed [14] , where a circular heavy string state with spin S in AdS 5 and equal spin J(= S) in S 5 [15, 16] propagates between two AdS 5 boundary points, and has been shown to produce right scaling behavior with the scaling dimension which is determined by the saddle point in the integraion over the modular parameter.
This approach has been extended to computation of a three-point correlation function which consists of two non-BPS operators dual to heavy string states and one chiral primary operator dual to a supergravity field [17] . The three-point correlator has been derived by evaluating semiclassically a Witten diagram with a supergravity field propagating from the AdS 5 boundary to the heavy string worldsheet. Specially for one gauge theory Lagrangian dual to the massless dilaton field and two non-BPS operators dual to several string configurations such as the circular spinning string with two equal spins S = J in AdS 5 × S 5 or J 1 = J 2 in S 5 [15] and the giant magnon in S 5 [18] , the three-point correlators have been computed and the associated three-point couplings, namely, the OPE coefficients have been shown to agree with the values predicted by renormalization group arguments.
On the other hand there has been a construction of a three-point correlator [19] for two operators dual to the folded spinning string with two spins J 1 , J 2 in S 5 [20] and one primary scalar operator dual to the supergravity massless scalar field that is a mixture of the metric with RR four-form [3, 21] . The three-point correlator takes the form of a vertex operator in the coordinate representation [4, 5] integrated over the classical string worldsheet.
From the vertex operator prescription [5, 7, 8] various three-point correlators of two heavy vertex operators and one light vertex operator have been computed [22] . The heavy vertex operator represents the folded spinning string with AdS 5 spin S and S 5 spin J [23] or the rigid circular string with three spins J 1 = J 2 and J 3 [15] which includes the small string limit, while there are various choices of light vertex operators that represent dilaton, the superconformal primary scalar state, the massive state on the leading Regge trajectory and a special singlet string state on massive string levels. Further there have been constructions of the three-point correlators between several choices of one light vertex operator and the two heavy vertex operators representing the circular spinning string with one AdS 5 spin, three different S 5 spins and the corresponding winding numbers [24] . It is desirable to elucidate further the relations between the vertex operators and various string solutions in AdS 5 × S 5 . We are interested how to construct the vertex operators representing the circular spinning string states with winding numbers. Using the vertex operator prescription we will compute a two-point correlation function of the vertex operators which describe the rigid circular spinning string in AdS 5 × S 5 [16] carrying spin S with winding number n in AdS 5 as well as spin J with winding number m in S 5 . The extension to the circular spinning string including three pairs of spin and winding number (J k , m k ), k = 1, 2, 3 in S 5 and the AdS 5 quantum numbers (S, n) will be performed. We will consider a three-point correlation function which consists of two heavy vertex operators describing this circular multi-spin (S, J k ) string and one zero-momentum dilaton vertex operator. From the three-point correlator the three-point coupling will be constructed explicitly in terms of the relevant quantum numbers.
Two-point correlator
We consider a two-point correlation function of the string vertex operators which are associated with the circular spinning string solution in the Poincare coordinates of AdS 5 × S 
with m = 0, 1, 2, 3, i = 1, 2, 3. These coordinates are related with the Poincare coordinates (z, x m ), ds
with
. For S 5 the embedding coordinates are defined by
Following the procedure of ref. [5] , we rotate the worldsheet time τ as well as the global AdS time t to the Euclidean ones simultaneously
We perform the following conformal transformation to map the Euclidean 2d cylinder (τ e , σ) into the complex plane (ξ,ξ) with two punctures at ξ = ξ 1 (τ e = ∞), ξ = ξ 2 (τ e = −∞)
where ξ 1 and ξ 2 are regarded as the points where two vertex operators are inserted. The Euclidean rotation t e = it in (4) leads to the similar rotations for the time-like coordinates
In general the integrated marginal vertex operator represents a string state and is described in terms of four coordinates of a point on the boundary of the Euclidean Poincare patch of AdS 5 space as
where we shift x m = (x 0e , x i ) by a constant vector x ′ m . The explicit expressions of U are specified by the quantum numbers other than the 4d dimension ∆ of the string state in AdS 5 × S 5 . Let us consider the vertex operator which describes the circular spinning closed string state with quantum numbers like spins (S, J) and winding numbers (n, m) [16] 
Its energy-spin relation is given by
We propose a vertex operator
where the location of the vertex operator in the boundary is chosen by x ′ m = (a, 0, 0, 0). The expression Y 1 + iY 2 is described in terms of Euclidean Poincare coordinates as
From (3) with γ = π/2, ψ = 0 and ϕ 1 ≡ ϕ the S 5 part is expressed as X 1 + iX 2 = e iϕ . The proposed vertex operator shows a symmetric expression such that the AdS 5 factor (Y 1 +iY 2 ) S takes the same form as the S 5 factor (X 1 + iX 2 ) J including no derivatives with respect to the worldsheet coordinates. Due to winding numbers the string solution has no short string limit, that is, no flat space limit so that the expression (10) takes a different form from the vertex operator in flat space which includes the derivatives.
We use this vertex operator involving the winding number dependences implicitly through the angular coordinates to compute a two-point function
in large spins of order of string tension T = √ λ/2π ≫ 1. The Euclidean continuation (4) of (8) is given by
where we change the signs of φ and ϕ. The corresponding embedding coordinates (1) are expressed as
which are transformed to the Euclidean Poincare coordinates in the form
which satisfy z 2 + x + x − + x 2 0e = 1. For the large spin limit κ ≈ ω ≫ 1 the complex world surface given by (15) approaches the boundary z → 0 at τ e → ±∞ with x 0e (±∞) = ±1. By making a dilatation and a translation such that x 0e (∞) = a, x 0e (−∞) = 0 at the boundary we have
The end points of the Euclidean world cylinder for the transformed configuration are specified by
When we compute semiclassically the two-point correlator (12) , the Euclidean action accompanied with the vertex contributions is given by
We will show that the transformed complex solution (16) with ϕ in (13) becomes the stationary trajectory in the presence of the vertex operators as source terms. The equation of motion for φ is obtained by
The inversion of the conformal transformation (5) is given by
which leads to
Taking account of (21) and (16) we see that the equation (19) is satisfied only when S is given by
We turn to the equation of motion for x 0e
which becomes through (16)
Owing to (21) this equation leads to
The equation of motion for r is expressed as
Since τ e → ±∞ corresponds to ξ → ξ 1,2 it reads
where we use ∂σ∂σ = ∂τ e∂ τ e , ∂σ∂τ e +∂σ∂τ e = 0, (22) and (25). In view of the non-singular ∂τ e∂ τ e terms in (27) we have
and the remaining singular terms provide
Owing to tanh κτ e | ξ→ξ 1 = 1, tanh κτ e | ξ→ξ 2 = −1
the equation (29) is satisfied to the leading order in the large spin limit κ ≈ ω ≫ 1.
Combining the equation of motion for z and that for r (26) we have
which takes the following compact form
Because of (30) this equation coincides with the equation of motion for x 0e (24) . The remaining equation of motion for ϕ reads
It holds if J is given by
Now the two-point correlation function can be calculated semiclassically by evaluating the string action with the source terms on the stationary string trajectory. It is convenient to go back to the Euclidean 2d cylinder (τ e , σ) coordinates for computing the string action in (18)
The substitution of the stationary solution into (35) yields
We neglect the one-point function divergence (∼ ln 0) to obtain
while the source terms in (18) are also evaluated using the delta-function as
When two spins S, J obey a symmetric relation
which is associated with the symmetric form of the vertex operator (10), we derive a 2d conformal invariant expression for the two-point correlation function
This expression shows the scaling ∼ a −2∆ which is characterized by the scaling dimension ∆ of the vertex operator and is expected from the 4d conformal invariance of string action under the rescaling z → az, x m → ax m . From the marginality condition of vertex operator the two-point correlator (41) should take a behavior |ξ 1 − ξ 2 | −4 which in the large spin leads to
Using (22), (25), (28) we eliminate n and ρ 0 to obtain
with S = S √ λ, J = J √ λ. In ref. [16] the circular two-spin (S, J) string solution with the corresponding winding numbers (n, m) was constructed to be specified by the same relations between the relevant parameters as (22) , (25), (28), (34) where the off-diagonal Virasoro constraint gives the same relation as (40) and the diagonal Virasoro constraint is presented by
with J = √ m 2 + ν 2 . The marginality condition (43) becomes the same expression as (44) when the parameter ν is eliminated and the dimension ∆ is identified with the string energy E = E √ λ. Therefore the dimension ∆ is determined as (9) . We observe that the stationary trajectory of path integral representing the two-point function of vertex operators is provided by conformally mapped Euclidean continuation of the circular two-spin (S, J) string solution [16] , whose energy-spin relation (9) is derived from the Virasoro constraints for the worldsheet conformal invariance. Thus the two-point correlation function (41) shows the right scaling behavior with the dimension ∆ being the corresponding string energy (9) . Now we consider the two-point correlator of the vertex operators representing the rigid circular spinning string which has spin S with winding number n in AdS 5 and three spins J k , k = 1, 2, 3 with the corresponding winding numbers m k in S 5 . We take the following vertex operator
The Euclidean action with the source terms from the vertex operators is also expressed as
This circular spinning string [16] has the following Euclidean continuation
The equations of motion for ϕ k are given by
which yield
The equations of motion for r k , or for ψ and γ, have additional contributions to the singular part. Here we assume that they are still satisfied by constant r k . The string action evaluated on this multi-spin stationary solution is expressed as
where the one-point function divergence is ignored. The source terms are computed by
When there is a relation
we obtain the following two-point function that is consistent with 2d conformal symmetry
.
The marginality condition of the vertex operator implies
The circular multi-spin (S, J k ) string solution with winding numbers (n, m k ), k = 1, 2, 3 was constructed [16] from the off-diagonal Virasoro constraint that agrees with (52) and the diagonal Virasoro constraint
) to see that the two relations (54) and (55) coincide for ∆ = E √ λ. These agreements imply that the symmetric vertex operator (45) is a natural candidate describing the circular spinning string with quantum numbers like spins (S, J k ) and winding numbers (n, m k ) in AdS 5 × S 5 .
Three-point correlator
Let us consider the three-point correlation function of two heavy vertex operators V H representing a large spin string state and one light vertex operator V L representing a massless string state [22] 
We choose V ∆,S,n,J k ,m k (x 1 )(V ∆,S,n,J k ,m k (x 2 )) * as the product of two heavy vertex operators 
The three-point correlator (56) is estimated semiclassically by integrating over the worldsheet of the heavy string as
where the heavy string configuration (15) satisfies z 2 +x 2 m = 1 and the superscript represents the stationary point solution for the two-point function of two heavy vertex operators. The structure coefficient C 123 is obtained by
where c ∆ L depends on the normalization of the light vertex operator.
As the unintegrated light vertex operator for V L we choose the massless string vertex operator dual to the dilaton field with
which represents a highest weight state of SO(2, 4) × SO (6) and is proportional to the string Lagrangian including the string tension √ λ/2π. The marginality condition for V (dil) j
gives ∆ = 4 + j to the leading order in the large √ λ expansion. The corresponding dual gauge theory operator is tr(F 2 mn Z j + · · ·) which becomes the SYM Lagrangian when the KK momentum j of the dilaton field is zero.
Here we devote ourselves to the j = 0 case. The three-point function coefficient C 123 is given by
(61) We substitute the stationary multi-spin (S, J k ) string Euclidean solution (15) with (47) into (61) to have
whose integration over τ e leads to a finite value
The diagonal Virasoro constraint (55) together with
can be expressed as
The equation
and (65) are solved by using the large J expansion with J ≡ k J k
Combining together we have the energy-spin relation in the λ/J 2 expansion with total spin
The substitution of the expansion (67) into (63) yields
The factor cosh 2 ρ 0 = 1 + S/ √ κ 2 + n 2 is expressed in the λ/J 2 expansion by using (67) as
Making the λ-derivative of the heavy state dimension ∆, that is, the string energy E (68) under the fixed quantum numbers like S, n, J k , m k we have
Thus without resort to the 1/J expansion we show exactly that
∆ is contained in the relevant three-point coupling (63).
Conclusion
Based on the vertex operator prescription [5, 7, 8] we have constructed the two-point correlation function of the vertex operators representing the circular spinning string solution [16] with spins (S, J) or (S, J k ), k = 1, 2, 3 as well as winding numbers (n, m) or (n, m k ) in AdS 5 × S 5 . We have chosen an appropriate corresponding vertex operator and shown that the analytically continued version of this multi-spin string solution mapped onto complex plane is the same as the stationary point solution for the two-point function by demonstrating that it indeed solves the relevant equations of motion on the complex plane with the delta-function sources at two insertion points of vertex operators.
We have observed that the marginality condition of the vertex operator for the 2d scaling behavior of the semiclassically evaluated two-point function yields the same relation among energy (dimension), spins and winding numbers as is obtained from the diagonal Virasoro constraint, while the requirement for the two-point function to have the 2d conformal invariant expression gives the same relation between the spin winding-number pairs (S, n) and (J k , m k ) as follows from the off-diagonal Virasoro constraint. These two coincidences confirm the validity of the proposed symmetric vertex operator with no derivatives over the worldsheet coordinates.
We have computed the three-point coupling from evaluating the three-point correlation function of two heavy string vertex operators representing the circular multi-spin (S, J k ) string with winding numbers (n, m k ) and one zero-momentum dilaton vertex operator by using the stationary string surface saturating the two-point correlation function of two heavy string vertex operators. By using the 1/J expansion we have demonstrated that the threepoint coupling contains a factor representing the derivative of the dimension of the heavy string state with respect to the string tension . We have further confirmed this relation exactly by manipulating various relations between the relevant parameters and the quantum numbers of the rigid circular multi-spin string solution.
